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An analytical solution for estimating the phreatic line of fully developed
subsurface turbdlent flow

Abstract

In this study, an analyticaksolytion was developed based on the assumptions of the fully developed
turbulent flow within coars&materials. For this purpose, calculations were performed using two
types of coarse materialsi rounded and angular with permeability of 0.39 and 0.43 m/s, respectively,
under a gentle slope of 4 % and various upstream and downstream water level boundary conditions.
Finally, the resultsiere validated using a laboratory model. Investigation of the flow profile within
coarse matenialS'showed that as permeability increases, the error of this study’s analytical solution
decreases; while the error of Jager’s (1956) analytical solution increases. That is, for a 4 % slope
with rounded grains, the minimum and maximum percentage errors of this study’s analytical
solution compared to the laboratory model under three different upstream and downstream water
level conditions were 5.73% and 12.75%, respectively. In contrast, the error for Jager’s (1956)
analytical solution ranged from a minimum of 11.7% to a maximum of 13.17%. For a 4 % slope
with angular grains, the error in this study’s analytical solution decreased to 5.6% and 10.09%,
while the error for Jager’s (1956) solution increased to 14.75% and 15.33%. This provides strong
evidence for the validity of the proposed solution, as it is fundamentally based on the assumption
of high-velocity flows (non-Darcy flows). Therefore, the results of this research show that the



proposed analytical solution, based on the assumptions mentioned above, yields satisfactory results

and is significantly more accurate compared to the analytical solutions of other researchers.
Keywords: Analytical solution, Coarse materials, Non-Darcy flow, Phreatic line.




EXTENDED ABSTRACT

Introduction

Flow of water in soils have long been of interest to researchers in soil science, petroleum
engineering, environmental sciences, and groundwater hydrology. Darcy’s law is an empirical
relationship that has been extensively applied to date and is considered the fundamental and
constitutive equation governing flow in porous media. When the assumptions underlying Darcy’s
law are violated, its formulation must be adopted. Numerous experimental investigations have
repeatedly demonstrated deviations from Darcy’s law, and considerable efforts have thercfere been
devoted to modifying or extending Darcy’s law under such conditions. Various terms, including
non-Darcy flow, turbulent flow, inertial flow, and high-velocity flow, have begn employed to
describe fluid behavior in coarse porous media (Zeng and Grigg, 2006). N

Method
In this study, an analytical solution based on the assumptions,of ‘aon-Dargy flow and fully

developed turbulent conditions was developed teginvestigate ‘the>flow profile within coarse
materials. To this end, calculations were conductedifor two types of coarse materials, rounded and
angular with hydraulic permeability of 0.39 anehQ.43 m/s, respectively, under a mild slope of 4%
and various upstream and downstream boundary condit'Qns. The porosity of the gravel materials
was determined using a direct measurement methodhA tank (0.48 x 0.69 x 0.69 m) was filled with
gravel and saturated with water to determine pore volume, yielding porosities of 52% for angular
(crushed) materials and 44% for rounded gravel. Measurements were repeated three times and
averaged. Flow at the downstream end of theiflumeawvas free, with no outflow control applied.

Results

In this section,gthelresults~of the analytical solution are evaluated and compared with the
experimental data"Furthermore, to assess the accuracy of the proposed analytical solution,
comparisons were conduct?d with previously published formulations, including those of Jager
(1956), Chapman (1957), Bear (1972), Castro-Orgaz (2011), and Di Nucci (2015), whose
governing equatiof§ are presented above. The comparative analysis indicates that among these
formulatiens, ‘only the relationship proposed by Jager (1956) was capable of adequately
reproducing/the flow profile, whereas the other models failed to capture the observed flow
behavior. Consequently, the analytically derived flow profile is compared with both the
experimental model of Sedghi-Asl (2010) and the analytical model of Jager (1956). Finally, the
strengths and limitations of the proposed analytical model and those reported in previous studies
are systematically identified and discussed.

An important advantage of the equation proposed in this study over the formulation of Jager (1956)
is its ability to estimate the phreatic line profile using only the downstream boundary condition. In
contrast, the solution method of Jager (1956) relies on both upstream and downstream boundary



conditions; consequently, when one of these boundary conditions is unavailable, the method is
unable to reconstruct the flow profile, which constitutes a limitation of the Jager (1956)
formulation. Therefore, given that subcritical flow is controlled by downstream conditions and that,
in porous media, the Froude number is less than unity, implying that the flow regime is inherently
subcritical, the downstream boundary condition should be selected as the starting point for the
computations, while the upstream boundary should be left unconstrained. This approach allows a
rigorous assessment of the robustness and applicability of the proposed solution method.

Conclusions

In conclusion, for highly permeable materials, commonly referred to as non-Darcyyporous media,
the formulations proposed by Jager (1956), Chapman (1957), Bear (1972), Ca@ro-Orgaz (2011),
and Di Nucci (2015) are unable to accurately estimate the flow profile. In contrast,‘the analytical
solution presented in this study demonstrates satisfactory accuracy ang,can be effectively employed
to predict the flow profile within coarse-grained porous media.\Ihis study“indicates that the
proposed analytical solution, developed under the assumptions of fully developed turbulent flow
within coarse materials, yields reliable resultgfor mild slepes.As demonstrated by the results, the
accuracy of the proposed analytical solution is significantl%igher than that of the Jager (1956)
formulation. A noteworthy observation in the analysiswefifite flow profile within the porous medium
is that, with increasing permeability, the error assogiated with the proposed analytical solution
decreases, whereas the error of the Jager (1956) solution increases. This contrasting behavior
provides strong justification for the validity of the proposed solution, as its underlying assumptions
are specifically formulated for high-permeability of, equivalently, high-velocity (non-Darcy) flow
conditions.
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